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Abstract
We re-examine the black hole solutions in classical theories of dilaton gravity in two di-
mensions. We consider an arbitrary dilaton potential such that there are black hole solutions
asymptotic at infinity to the nearly AdS2 solutions of JT gravity, and such that the black hole
energy and entropy are bounded below. We show that if there is a black hole solution with
negative specific heat at some temperature T , then at the same temperature there is a black
hole solution with lower free energy and positive specific heat. As the temperature is increased
from 0 to infinity, the black hole energy and entropy increase monotonically but not necessarily
continuously; there can be first order phase transitions, similar to the Hawking-Page transition.
These theories can also have solutions corresponding to closed universes.
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1 Introduction
JT gravity is a simple model of a real scalar field φ coupled to gravity in two dimensions [1,2]. For
the case of negative cosmological constant, the bulk action in Euclidean signature is
Ib = −1
2
∫
d2x
√
gφ(R+ 2). (1.1)
Here R is the scalar curvature of the metric tensor g. The model has been fruitfully studied in
recent years; see for example [3–7].
The particular action of eqn. (1.1) has been chosen to make a model that is as simple as
possible. It is of interest to consider deforming the model to a more general class of models. What
is the natural class of models to consider? If we limit ourselves to action functions with at most
two derivatives, the most general possibility for the bulk action is
Ib = −1
2
∫
d2x
√
g
(
U(φ0)R+ V (φ0)g
αβ∂αφ0∂βφ0 +W (φ0)
)
, (1.2)
with three functions U, V,W of a scalar field φ0. However [8,9], it is possible to eliminate two of the
three functions by reparametrizing φ0 and making a Weyl transformation of the metric. In fact, if
there is a value of φ0 at which U
′(φ0) = 0, then the kinetic energy of the fields φ0, g is degenerate
(even after gauge-fixing) in expanding around that point, and the theory becomes ill-behaved. So
we restrict to the case that U ′(φ0) is everywhere non-zero. But in this case, we can just introduce
a new scalar field φ = U(φ0). After then making a Weyl transformation to set V = 0, we reduce to
Ib = −1
2
∫
d2x
√
g (φR+W (φ)) . (1.3)
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(This bulk action has to be supplemented by a Gibbons-Hawking-York surface term and one usually
also wishes to add an Einstein-Hilbert term. These will be incorporated in section 2.) As this is a
Euclidean action, W is the negative of the usual potential energy function.
We want to place a mild restriction on the function W (φ) so that the behavior near spatial
infinity – where the dual quantum mechanical system or random matrix model lives – will be the
same as in the JT case. JT gravity is the special case W (φ) = 2φ, and in JT gravity, φ → +∞
near spatial infinity. So the condition that we want is that W (φ) ∼ 2φ for φ→ +∞. We will refine
this condition slightly in section 2.
The classical solutions and black hole thermodynamics of these models, parametrized as in eqn.
(1.3), have been studied in [10–13], among other papers. Classical solutions and thermodynamics
of a number of dilaton gravity models were studied earlier in a different parametrization; see for
example [14, 15]. See also [16] for a recent study of the Wheeler-de Witt equation in the family of
models (1.3).
The present article is devoted to a somewhat more detailed study of these models at the classical
level. In a companion article, it will be argued that models in this class can be understood as matrix
models, generalizing the result of [7] for JT gravity.
In section 2 of this article, we review the classical solutions of these models and the associated
thermodynamics. In section 3, we analyze the thermodynamic stability of these black hole solutions.
The main result is to show that if there is a black hole solution at temperature T with negative
specific heat, then there is another black hole solution at the same temperature with positive
specific heat and lower free energy. In section 4, we consider what happens in one of these models
as the temperature is increased. The energy and entropy always increase monotonically, but not
necessarily continuously; there can be first order phase transitions, analogous to the Hawking-Page
transition [17]. All of these statements are really illustrations of standard results about black hole
thermodynamics; see for example [18]. Finally, in section 5, we describe compact smooth Euclidean
solutions of models in this class. These solutions are de Sitter-like, even though they can arise in
models that have black hole solutions that are asymptotic to Anti de Sitter space.
2 Classical Solutions and Thermodynamics
In Euclidean signature, a general black hole solution of a theory in the class (1.2) can be put in the
form1
ds2 = A(r)dt2 +
1
G(r)
dr2, φ = φ(r), (2.1)
for some functions A(r), G(r), φ(r). In fact, this form is still invariant under reparametrizations
r → r˜(r), which can be used to set G = A. However, it is most illuminating to do this only after
1In fact, every classical solution of such a theory has a Killing vector field V I = εIJ∂Jφ, where ε
IJ is the Levi-
Civita tensor [10]. Upon picking coordinates r, t so that the Killing vector field generates translations of t, and then
shifting r by a suitable function of t, one puts the solution in the form stated in the text.
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deducing the equation of motion for G. In a black hole solution, t will be a periodic variable with
some period β, to be determined, so the bulk action can be written as an integral over r only:
Ib = −β
2
∫
dr
(
−φ d
dr
(√
G
A
dA
dr
)
+
√
A
G
W (φ)
)
. (2.2)
Hence the equation of motion for G is
φ′A′√
AG
−
√
A
G3/2
W (φ) = 0. (2.3)
Having deduced this equation, one can reparametrize the r coordinate to set G = A, upon which
the line element becomes
ds2 = A(r)dt2 +
1
A(r)
dr2, (2.4)
the bulk action simplifies to
Ib = −β
2
∫
dr
(−φA′′ +W (φ)) , (2.5)
and the equation (2.3) simplifies to
φ′A′ −W (φ) = 0. (2.6)
The equation of motion for A is
φ′′ = 0, (2.7)
so φ = ar + b for constants a, b. The form (2.4) of the metric is invariant under (t, r, A) →
(t/a′, a′r + b′, (a′)2A), and we can fix this remaining freedom by specifying that
φ = r. (2.8)
The equation (2.6) then simplifies to A′ = W (r), so
A(r) =
∫ r
rh
dr′W (r′), (2.9)
for some rh. These formulas were obtained in [10]. Note that we have found the general solution –
in terms of one arbitrary constant rh – without using the Euler-Lagrange equation that comes by
varying φ. This equation in fact does not give additional information.
Clearly, A(rh) = 0, so we interpret r = rh as the black hole horizon. The value of φ at the
horizon is therefore
φh = rh. (2.10)
Near r = rh, we have
A(r) = W (rh)(r − rh) +O((r − rh)2). (2.11)
Hence the solution only has the expected Euclidean signature if W (rh) ≥ 0. More generally, a black
hole solution with φ = φh exists if and only if A(r), defined in eqn. (2.9), is positive for all r > rh.
In other words, the condition is that∫ φ
φh
dφ′W (φ′) > 0 for all φ > φh. (2.12)
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Setting y =
√
r − rh =
√
r − φh, we find that the line element near y = 0 is
ds2 =
4
W (φh)
(
dy2 +
W (φh)
2
4
y2dt2
)
. (2.13)
This is smooth at y = 0 if and only if t has period 4pi/W (φh). This determines the temperature:
β =
4pi
W (φh)
, T =
W (φh)
4pi
. (2.14)
As explained in the introduction, we want W (φ) ∼ 2φ for φ → +∞ so as to get a theory that
reduces to JT gravity for r →∞. More specifically, we will assume that for large φ, |W (φ)− 2φ| <
1/φ1+. In this case, the behavior of A(r) for large r is
A(r) = r2 − b+O(r−), (2.15)
where b is a constant that we will see is a multiple of the energy. For JT gravity (W (φ) = 2φ
exactly, not just asymptotically), the formula A(r) = r2−b is exact. In general, a solution with the
behavior of eqn. (2.15) is asymptotic at infinity to an asymptotically AdS2 solution of JT gravity.
To keep things simple, we will also assume that limφ→∞ W ′(φ) = 2, thus excluding small-scale
oscillations in W (φ) at large φ.
From eqn. (2.9) and the definition of b, we see that under a change in φh = rh,
db = W (φh)dφh = 4piTdφh. (2.16)
It is natural to guess that as in conventional black hole thermodynamics, this will be the first law
of thermodynamics dE = TdS, with φh a linear function of the entropy S and b a linear function
of the energy E. To confirm this interpretation, we will evaluate the action for the solution. This
action is interpreted as a classical approximation to − logZ = βF = βE − S, where Z is the
partition function and F = E − TS is the free energy. To evaluate the action, as in [4], we put
a cutoff on r, at some very large value r = r∞, and we include a Gibbons-Hawking-York surface
term in the action:
IGHY = −
∫
r=r∞
dt
√
hφ(K − 1) = −β
√
A(r∞)(K − 1). (2.17)
Here h = A(r∞) is the induced metric of the boundary, and K is the extrinsic curvature of the
boundary, explicitly K = A′(r∞)/2
√
A(r∞). With φ(r) = r and A(r) ∼ r2 − b, we find that the
surface term in the action is
IGHY = −βb
2
. (2.18)
Remembering that φ = r and W = A′, the bulk action is
Ib = −β
2
∫ r∞
rh
dr
(−rA′′ +A′) = −β
2
∫ r∞
rh
dr
(
d
dr
(−rA′ + 2A))
= −β
2
[−rA′ + 2A]r∞
rh
= −β
2
(−2b+ rhW (rh)) = βb− 2piφh. (2.19)
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The total action, including also an additive constant −S0 from a possible Einstein-Hilbert term
IEH in the action, is thus
I = Ib + IGHY + IEH =
βb
2
− 2piφh − S0. (2.20)
Setting this equal to βE − S, we get
E =
b
2
, S = 2piφh + S0, (2.21)
and we see that eqn. (2.16) can indeed be interpreted as the first law. The formula E = b/2 is the
analog for this type of model of the fact that in ordinary gravity in four spacetime dimensions, the
ADM mass is defined in terms of the leading correction to the asymptotic form of the metric at
infinity. For a systematic framework for deriving the first law, see [19].
Based on these results, we can refine our assumptions about the function W (φ). If this function
is positive-definite, the condition (2.12) is satisfied for any φh and therefore there is a black hole
solution for any φh. In this case, since φh can be arbitrarily negative, the black hole entropy is
unbounded below. This is presumably unphysical. Note that if and only if the entropy is bounded
below, we can pick S0 so that the bound is nonnegative, as one may expect physically. (For
W (φ) positive-definite, the black hole energy will also be unbounded below unless W (φ) vanishes
sufficiently rapidly for φ→ −∞.) So we assume that W (φ) is negative at least in some range of φ.
More specifically, to make the entropy bounded below, we want to constrain W so that the set of
all φh that satisfy condition (2.12) is bounded below. This actually does not imply that W (φ) < 0
for φ→ −∞, but it does imply that W (φ) < 0 for some range of φ and that
lim inf
φ→−∞
W (φ) ≤ 0. (2.22)
In other words, for any  > 0, there are arbitrarily negative values of φ with W (φ) < . If instead
W (φ) is bounded below by  > 0 for sufficiently negative φ, then black hole solutions can have
arbitrarily negative φh and the entropy and energy are both unbounded below.
With the result (2.21) for the energy, and the fact that A(r∞) can be approximated as r2∞ − b
for large r∞, we find that the energy of a black hole with given φh can be written as
E(φh) =
1
2
r2∞ −
1
2
∫ r∞
φh
dφW (φ). (2.23)
It is convenient to subtract the values of E for two different values of φh so as to get a formula that
does not make reference to the cutoff r∞:
E(φ1)− E(φ0) = 1
2
∫ φ1
φ0
dφW (φ). (2.24)
This result can also be found by integrating the first law dE = TdS. Suppose that φ0 < φ1 and
that there is a black hole with φh = φ0. Then eqn. (2.12) with φ = φ1 tells us that
E(φ1)− E(φ0) > 0. (2.25)
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This is true whether or not there is a black hole with φh = φ1. (There may not be one, since eqn.
(2.12) may not hold for φh = φ1.) Specializing to the case that there is such a black hole, we learn
that black hole energy is always an increasing function of φh. Of course, black hole entropy is also
an increasing function of φh, since the entropy is a multiple of φh.
3 Thermodynamic Stability
There is a black hole solution at any value of φh such that eqn. (2.12) is satisfied. But these
solutions are not all thermodynamically stable.
A basic thermodynamic inequality says that in any thermal ensemble, the heat capacity (or
specific heat) is positive:
dE
dT
> 0. (3.1)
Let us see what this condition means for our black holes.
If there is a black hole with φ = φh, then W (φh) > 0, or else eqn. (2.12) is not satisfied for φ
slightly greater than φh. This means that we always have dE/dφh > 0. On the other hand, since
T (φh) = W (φh)/4pi, we have dT/dφh = W
′(φh)/4pi. If W ′(φh) > 0, then dE/dφh and dT/dφh
are both positive, and therefore dE/dT > 0. But if W ′(φh) < 0, then dE/dφh and dT/dφh have
opposite signs and hence dE/dT < 0, violating the laws of thermodynamics.
The resolution of this point is that a black hole with W ′(φh) < 0 is always thermodynamically
unstable in the canonical ensemble (defined by specifying the temperature). In exploring this
question, we assume that the condition of eqn. (2.12) is satisfied at φh = φ1, so that there is a
black hole solution with that value of φh. In particular W (φ1) > 0. If W
′(φ1) < 0, then, since we
assume that W (φ) is asymptotically increasing (as 2φ) for large φ, there is always some φ2 > φ1
with W (φ2) = W (φ1). There may be multiple values φ2 > φ1 that satisfy this condition. Eqn.
(2.12) is not necessarily satisfied for each possible choice of φ2, but it is always satisfied at the
largest such choice, which we will denote as φ̂. (Since W (φ) grows asymptotically for large φ, we
have W (φ) > W (φ̂) > 0 for φ > φ̂; hence eqn. (2.12) is trivially satisfied for φh = φ̂.) Moreover,
because of eqn. (2.22), there is always φ0 < φ1 with W (φ0) = W (φ1). Again, if we pick the largest
such φ0, then W (φ) > W (φ1) > 0 for φ0 < φ < φ1, so if eqn. (2.12) is satisfied at φh = φ1, then it
is satisfied at φh = φ0 and there is a black hole with φh = φ0. So if there is a black hole solution
at φh = φ1 with W
′(φ1) < 0, then there always are at least two more black hole solutions at the
same temperature, at least one with φh > φ1 and one with φh < φ1.
To determine which solution is thermodynamically dominant, we need to compare their free
energies. For definiteness, we first write formulas for the case φ2 > φ1. Let T = W (φ1)/4pi =
W (φ2)/4pi be the temperature of the black holes at φh = φ1 or φh = φ2. It is convenient to
also define T (φ) = W (φ)/4pi (this is a formal definition and T (φ) is not really a φ-dependent
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temperature). The entropy difference between the two black holes is
∆S = 2pi(φ2 − φ1). (3.2)
The energy difference from eqn. (2.24) is
∆E =
1
2
∫ φ2
φ1
dφW (φ) = 2pi
∫ φ2
φ1
dφT (φ), (3.3)
The free energy difference between the black hole at φh = φ2 and the black hole at φh = φ1 is
∆F = ∆E − T∆S = 2pi
∫ φ2
φ1
dφ (T (φ)− T ) . (3.4)
In other words, ∆F/2pi is the difference between the area under the curve y = T (φ) and the
area under the straight line y = T over the interval [φ1, φ2]. If φ2 is the smallest solution of
W (φ2) = W (φ1) in the region [φ1,∞), then as depicted in fig. 1(a), we have W (φ) < W (φ1) for
φ1 < φ < φ2. It then follows from eqn. (3.4) that a black hole with φh = φ2, if it exists, has
lower free energy than the black hole with φh = φ1. The free energy difference between them is
determined by the area of the shaded region in the figure. This is actually not enough to show that
the black hole at φh = φ1 is unstable because there may be no black hole solution with φh = φ2.
(Even if eqn. (2.12) is satisfied at φh = φ1, it may not be satisfied at φh = φ2.) To complete
the argument that there is a black hole with φh > φ1 that is more stable than the black hole at
φh = φ1, we have to look at all the solutions of W (φ) = W (φ1) for φ > φ1, and show that at least
one of them is associated to a black hole that is thermodynamically favored over the black hole
with φh = φ1.
We postpone this for a moment and consider black holes with φh < φ1. Let φ0 be the largest
solution of W (φ) = W (φ1) for φ < φ1. We have already explained that there is a black hole with
φh = φ0. This black hole turns out to be thermodynamically favored over the black hole at φh = φ1.
The free energy difference between the black hole at φh = φ1 and the one at φh = φ0 is just given
by eqn. (3.4), with φ1 and φ2 replaced by φ0 and φ1:
∆F = 2pi
∫ φ1
φ0
dφ (T (φ)− T ) . (3.5)
But this is now positive, because T (φ) > T in the integration region. Indeed (fig. 1(b)), W (φ) >
W (φ1) and hence T (φ) > T = T (φ1) for φ ∈ [φ0, φ1]. Thus the black hole at φh = φ1 has greater
free energy than the one at φh = φ0. The free energy difference between them is determined by the
area of the shaded region in fig. 1(b).
This shows that a black hole with W ′(φh) < 0 is thermodynamically disfavored, but we would
still like to understand better the role of black holes with φh > φ1. Since W
′(φ1) < 0 but W (φ) >
W (φ1) for sufficiently large φ, the number of solutions of W (φ) = W (φ1) in the interval [φ1,∞) is
odd. If there is only one such solution φ2, then W (φ) > W (φ2) > 0 for all φ > φ2, so eqn. (2.12) is
satisfied at φh = φ2 and there is a black hole with φh = φ2. As we have already shown, this black
hole has lower free energy than the one at φh = φ1. Let us look at the next case that there are
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Figure 1: Here we assume that there is a black hole at φh = φ1 with W ′(φ1) = 0 and we explore its
themodynamic stability. (a) In this example, there is some φ2 > φ1 with with W (φ1) = W (φ2) and
W (φ) < W (φ1) for φ1 < φ < φ2. A black hole with φh = φ1 is then always thermodynamically disfavored
compared to a black hole at φh = φ2 (if such a black hole exists). They have the same temperature, but
the one with φh = φ2 has lower free energy. The free energy difference between the two black holes is the
area of the shaded region (times 2pi). (b) In this example, there is φ0 < φ1 with W (φ0) = W (φ1) and
W (φ) > W (φ1) for φ0 < φ < φ1. With our assumptions, such a φ0 always exists and there is a black hole
with φh = φ0. The black hole at φh = φ0 is always thermodynamically favored compared to the one at
φh = φ1; the free energy difference between them is determined by the area of the shaded region.
Figure 2: This figure depicts a function W (φ) with the properties needed to illustrate an argument in
the text. The lower horizontal line intersects points with W = 0 and the upper one intersects points with
W = W (φ1) > 0. We have W (φ1) = W (φ2) = W (φ
∗) = W (φ3) with φ1 < φ2 < φ∗ < φ3; moreover
W ′(φ1),W ′(φ∗) < 0 while W ′(φ2),W ′(φ3) > 0. For simplicity, we have assumed that the region in which
φ > φ1 and W (φ) < 0 is a connected interval with upper end-point φ
′. This ensures that for φh equal to φ1
or φ2, the condition (2.12) for existence of a black hole solution with given φh only has to be checked for
φ = φ′. If W is such that
∫ φ′
φ1
dφW (φ) > 0 but
∫ φ′
φ2
dφ,W (φ) < 0, then there is a black hole with φh = φ1 but
none with φh = φ2. As explained in the text, in this case the black hole at φh = φ3 is thermodynamically
favored over the one at φh = φ1.
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three solutions of W (φ) = W (φ1) for φ ∈ [φ1,∞). Two of them will have W ′(φ) > 0 and one has
W ′(φ) < 0. Let the solutions with W ′(φ) > 0 be at φ = φ2, φ3 with φ2 < φ3, and write φ∗ for the
third solution with W ′(φ) < 0. A potential with these properties is sketched in fig. 2.
We already know that if there is a black hole at φh = φ2, then it is thermodynamically favored
over the one at φ = φ1. However, in general there is no such black hole because eqn. (2.12) may
not be satisfied at φh = φ2. For this to happen, there must be a portion of the interval [φ2, φ3]
with W (φ) < 0, as in the example sketched in fig. 2. There is always a black hole with φh = φ3
(since W (φ) > W (φ3) > 0 for all φ > φ3, ensuring that eqn. (2.12) is satisfied). But in general
this black hole may have greater free energy than the one at φh = φ1. We want to show that either
there is a black hole with φh = φ2, and therefore the black hole with φh = φ1 is thermodynamically
disfavored, or the black hole with φh = φ3 has lower free energy than the one at φh = φ1, and again
the black hole with φh = φ1 is themodynamically disfavored.
For eqn. (2.12) not to be satisfied at φ = φh means that there is some φ
′ ∈ [φ2, φ3] with∫ φ′
φ2
dφW (φ) ≤ 0. (3.6)
Note that necessarily φ′ > φ∗. If φ is contained in either the interval [φ1, φ2] or the interval [φ′, φ3],
then W (φ) < W (φ1) and hence T (φ) < T . Combining these facts,∫ φ3
φ1
T (φ)dφ =
∫ φ2
φ1
T (φ)dφ+
∫ φ′
φ2
T (φ)dφ+
∫ φ3
φ′
T (φ)dφ
≤ T ((φ3 − φ′) + (φ2 − φ1)) < T (φ3 − φ1). (3.7)
We have used (3.6) for the integral in the interval [φ2, φ
′], and the bound T (φ) < T for the integrals
in the other two intervals. But eqn. (3.7), together with eqn. (3.4), precisely says that the free
energy of the black hole with φh = φ3 is less than the one with φh = φ1.
If instead there is a black hole with φh = φ2, then eqn. (3.6) is false and eqn. (3.7) may also be
false. Regardless, we have learned that as one increases φh from φ1, the first black hole that one
encounters that has the same temperature as the one at φh = φ1 has lower free energy than the
one at φh = φ1. This black hole is at either φh = φ2 or φh = φ3, depending on W .
A similar statement holds in general. In general, if W ′(φ1) < 0, then for φ > φ1, there might be
any number n ≥ 1 of solutions of W (φ) = W (φ1) with W ′(φ) > 0. (There are then n− 1 solutions
with W ′(φ) < 0.) Let us label these solutions as φ2 < φ3 < · · · < φn+1. There is always a black
hole with φh = φn+1, and for 2 ≤ k ≤ n, there may or not be a black hole with φh = φk. Let
k be the smallest element in the set {2, 3, · · · , n + 1} such that there is a black hole at φh = φk.
An argument similar to the one already explained shows that this black hole has lower free energy
than the one at φ = φ1. So if W
′(φ1) < 0, there is always a black hole with φh > φ1 that has the
same temperature as the one with φh = φ1 and lower free energy.
We have shown that if there is a black hole with dE/dT < 0, then there are black holes of the
same temperature but lower free energy both at larger values of φh and at smaller values of φh.
Which of these has the lowest free energy? This is part of what we will discuss next.
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4 Potentials and Phase Transitions
We now have the tools to get a general picture of the thermodynamics of classical black holes in
these models.
Assuming that the black hole entropy is bounded below, there is a smallest value of φh, say
φh = φ0, at which there is a classical black hole solution. This is the smallest value at which eqn.
(2.12) is satisfied. The black hole at φh = φ0 has the smallest possible entropy, and, according to
eqn. (2.24), it also has the smallest energy of any black hole solution.
Necessarily W (φ0) = 0; otherwise, eqn. (2.12) is still satisfied for φh slightly less than φ0. Eqn.
(2.12) for φ slightly greater than φ0 implies that W (φ) > 0 in that region, and since W (φ0) = 0, it
follows that we also have W ′(φ) > 0 for φ slightly greater than φ0. (Generically W ′(φ0) > 0, but
this need not always be true.) Of course, we also have W (φ) > 0 and W ′(φ) > 0 for sufficiently
large φ.
We will first assume that W (φ) > 0 for all φ > φ0. In this case, eqn. (2.12) is satisfied for all
φh ≥ φ0, so there is a black hole solution that is asymptotic to AdS2 spacetime at spatial infinity
for any assumed value φh ≥ φ0. Since W (φ0) = 0, the black hole with φh = φ0 will be a zero
temperature, extremal black hole, with some energy E0. The temperature is positive for φh > φ0.
W (φ) being positive means that the black hole energy is a monotonically increasing function of φh.
The simplest case is that W ′(φ) > 0 in the whole range [φ0,∞). Then the black hole tempera-
ture, which is a multiple of W , is a monotonically increasing functions of φh throughout the whole
range. There is a unique black hole of any given temperature, and it is always thermodynamically
stable.
Now let us keep the assumption that W (φ) > 0 for all φ > φ0, but drop the assumption that
W ′(φ) > 0 in that range. Since W ′(φ) > 0 for φ slightly larger than φ0 and W ′(φ) > 0 for very
large φ, the function W ′(φ) has an even number of zeroes for φ > φ0. For example, in fig. 3, we
illustrate a case with two zeroes. For such a potential, for a certain range of temperatures, there
are three black hole solutions, two with W ′(φh) > 0 and one with W ′(φh) < 0. In fig. 3, this is
true on the portion of the curve between the points labeled α and γ′.
Horizontal lines in the figure connect points with the same value of W (φ), corresponding to
black hole solutions with the same temperature. For example, the pairs of points labeled α and α′
or γ and γ′ represents pairs of black hole solutions with the same temperature. From eqn. (3.4),
it follows that the black hole at α is more stable thermodynamically than the one at α′ and but
the black hole at γ is less stable than the one at γ′. As one moves up the curve from α, there is a
first order phase transition at a point β that is characterized by the fact that the shaded regions
above and below the horizontal curve ββ′ have the same area. That condition means that the black
holes corresponding to the points β and β′ have the same free energy. Of course, the black hole
at β′ has higher energy and entropy than the one at β, so it will be will be favored as soon as the
temperature is increased further.
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Figure 3: A function W (φ) that is positive for φ > φ0 but such that W ′(φ) has two zeroes in that region.
Horizontal lines intersect points with the same value of φh, corresponding to black holes with the same
temperature. Starting at φ0 and moving up the curve, the black hole remains thermodynamically stable up
to and beyond the point labeled α. Thermodynamic stability is lost at the point β, which is characterized
by the fact that the shaded regions above and below the horizontal line ββ′ have the same area. As the
black hole temperature is increased, the point that labels the black hole solution moves continuously along
the curve from φ0 up to β, jumps to β
′, and then continues upwards from there. The jump from β to β′ is
a first order phase transition, analogous to the Hawking-Page phase transition.
Thus, as the temperature is increased from 0, one starts at φ0, moves up the curve to β, then
jumps to β′ and proceeds upwards from there. The jump from β to β′ is a first order phase
transition, analogous to the Hawking-Page phase transition. The energy and entropy both increase
discontinuously as a function of the temperature, leaving fixed the free energy. Because the energy
jumps upwards as the temperature is increased, the heat capacity dE/dT has a delta function at the
transition point with a positive coefficient. This positivity is consistent with general thermodynamic
inequalities.
A more general case in which W (φ) > 0 for all φ > φ0, but W
′(φ) has more than two zeroes for
φ > φ0, can be analyzed similarly. The only real difference is that in general, as the temperature
is increased, the system may go through more than one first order phase transition.
What happens if we drop the assumption that W (φ) > 0 for all φ > φ0 (but we continue to
define φ0 as the smallest value of φh at which there is a black hole solution)? The analysis is similar,
with the sole difference that there is no classical black hole solution with a value of φh such that
W (φh) < 0. In other words, when we assume that W (φ) > 0 for φ > φ0, it follows that there
is a classical black hole solution for all φh ≥ φ0, but as we have seen, there can be gaps in the
values of φh that correspond to thermodynamically stable black holes. When W (φ) is not assumed
to be positive for all φ > φ0, there are gaps in the allowed values of φh just at the classical level
because classical black hole solutions do not exist in regions with W (φh) < 0. These gaps imply
the occurrence of first order phase transitions. Indeed, since φh = φ0 at zero temperature and φh
becomes large at high temperatures, it follows that as the temperature is increased, φh must at
some point jump over the gaps. Such jumping represents a first order phase transition. In general
there may be multiple first order phase transitions, partly due to classical gaps and partly due to
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Figure 4: In this example, the function W (φ) vanishes precisely at φ0, φ1, and φ∗. It is positive for φ > φ1
and negative for φ < φ0. There is always an extremal black hole solution of zero temperature with φh = φ1.
There is an extremal black hole solution with φh = φ0 if and only if the shaded area above the horizontal line
exceeds the shaded area below the horizontal line. (This is the condition for eqn. (2.12) to hold at φh = φ0.)
If a black hole solution exists at φh = φ0, it is the true ground state.
considerations of thermodynamic stability.
We illustrate this with an example in fig. 4. In the figure, W (φ) is assumed to vanish precisely
at three points φ0 < φ
∗ < φ1, with W ′(φ0),W ′(φ1) > 0 and W ′(φ∗) negative. W (φ) is positive for
φ > φ1 and negative for φ < φ0. We assume that W is such that there is a black hole with φh = φ0;
there always is one with φh = φ1. The black holes with φh equal to φ0 or φ1 are both extremal
black holes with zero temperature, since W (φ0) = W (φ1) = 0. However, eqn. (2.24) tells us that
the black hole with φh = φ0 has lower energy. So at zero temperature, the stable black hole is the
one at φh = φ0.
What are the possible values of φh for black holes in this model? Since equation (2.12) is
satisfied at φh = φ0, it is also satisfied for φh sufficiently close to φ0. And it is trivially satisfied
for φ ≥ φ1, where W (φ) > 0. But there is a gap between the two families of black hole solutions,
since there is no black hole solution with W (φh) < 0. As the temperature is increased from zero,
at first the system follows continuously the family of classical black hole solutions that starts at
φh = φ0. But at a certain temperature, there is a first order phase transition and the system jumps
across the gap to the region [φ1,∞). This is sketched in fig. 5. The transition occurs at a point
β characterized by the fact that the shaded regions above and below the horizontal line ββ′ have
equal area.
Clearly, the qualitative picture is the same regardless of what mechanism produces a gap in the
range of values of φh for a thermodynamically stable black hole.
The general picture is as follows. In the half-line [φ0,∞), there are in general open intervals that
represent values of φ that are not horizon values of a thermodynamically stable black hole. These
gaps are present because there is no classical black hole solution with W (φh) < 0, because a classical
black hole solution with W ′(φh) < 0 is always thermodynamically unstable, and because black holes
with some values of φh are thermodynamically unstable even though W (φh) and W
′(φh) are both
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Figure 5: In the model of fig. 4, the zero temperature ground state is at φh = φ0. As one increases the
temperature, one reaches a first order phase transition at which the system jumps across the “gap” that
consists of the semi-open interval [φ∗, φ1), where there is no classical black hole solution. The phase transition
occurs at a point β characterized by the fact that the shaded regions above and below the horizontal line
ββ′ have the same area. Thermodynamically stable black holes start at φ0 at zero temperature, follow the
curve from φ0 to β as the temperature is increased, jump to β
′, and then follow the curve upward as the
temperature is increased further.
positive. At zero temperature, the true ground state is at φh = φ0. As the temperature is increased
from 0 to infinity, the energy and entropy of the black hole, and the horizon value φh, increase
monotonically but not necessarily continuously. At a value of φh that is in the interior of the set
of allowed values, we always have W ′(φh) > 0 and hence the energy and entropy are smoothly
increasing functions of the temperature. Whenever φh reaches a gap in the spectrum of allowed
values, there is a first order phase transition and φh jumps across the gap, with a discontinuous
increase in the energy and entropy.
5 Closed Universes
Let us return now to the classical equations that were discussed in section 2. Consider a classical
solution such that A = 0 at a point at which φ = φ0. If eqn. (2.12) is satisfied for φh = φ0, then
this solution describes a classical black hole that is asymptotic to AdS2 at infinity. If not, there is
some φ1 > φ0 with ∫ φ1
φ0
dφW (φ) = 0. (5.1)
Pick φ1 to be as small as possible satisfying this condition.
In this situation, we are not going to get a spacetime asymptotic to AdS2 at infinity, because
the radial coordinate r will run over the compact range φ0 ≤ r ≤ φ1. The line element is the
familiar
ds2 = A(r)dt2 +
1
A(r)
dr2, (5.2)
with A(φ0) = A(φ1) = 0 and A(r) > 0 for φ0 < r < φ1. If it is possible to compactify the t
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direction so as to get a smooth manifold with this line element, then this line element will describe
a compact Euclidean signature solution of the theory. As discussed in section 2, to avoid a conical
singularity at r = φ0, we must take t to be a periodic variable with period β = 4pi/W (φ0). But now
we have to apply a similar logic at the other end; to avoid a conical singularity at r = φ1, t must
be a periodic variable with period β = −4pi/W (φ1). (The reason for the minus sign is that φ0 is a
minimum of r but φ1 is a maximum; one can exchange maxima and minima of r by changing the
sign of r, but because dA/dr = W , this is equivalent to changing the sign of W .) The condition
that makes it possible to simultaneously avoid singularities at both ends is simply
W (φ0) = −W (φ1). (5.3)
If this condition is obeyed, we get a smooth Euclidean solution that is topologically a two-sphere.
In other words, to find compact Euclidean solutions, we must adjust the two variables φ0 and
φ1 to satisfy the two equations (5.1) and (5.3). In addition, to make A positive for φ0 < r < φ1,
W must be such that ∫ φ
φ0
dφ′W (φ′) > 0 for φ0 < φ < φ1. (5.4)
We also need W (φ0) > 0 to keep β finite.
Since we have two equations for two unknowns, no special fine-tuning is needed to satisfy
these conditions. For a generic W , one would expect solutions to be isolated and nondegenerate.2
Isolated, nondegenerate solutions are stable and generic in the sense that if for some W there
is such a solution for some pair φ0, φ1, then for any sufficiently nearby W there is an isolated,
nondegenerate solution for nearby values of φ0, φ1.
If one does not worry about nondegeneracy, it is quite easy to find examples of W for which
solutions exist. For instance, pick any potential with W (φ) = −W (−φ) and W ′(0) < 0. (Note that
JT gravity with negative cosmological constant has W (φ) = 2φ, which satisfies the first condition
but not the second.) If φ1 = −φ0, then the pair φ0, φ1 certainly satisfies eqns. (5.1) and (5.3).
Because W ′(0) < 0, if φ0 is sufficiently small and negative then the additional condition (5.4) is
also satisfied. Since there is a whole range of allowed values of φ0, these solutions are certainly not
isolated and nondegenerate. A generic small perturbation of W will remove this degeneracy, and a
suitable small perturbation would leave us with a finite set of isolated, nondegenerate solutions.
JT gravity with positive cosmological constant can be described by W (φ) = −2φ, with W ′(φ) <
0 (see [20]). Since the solutions described in the last paragraph are supported in a region with
W ′(φ) < 0, they are qualitatively similar to solutions of JT gravity with positive cosmological
constant, even though they can arise in a model that has the asymptotically AdS2 black hole
solutions that we have studied in the present paper. This is reminiscent of the embedding of a
portion of de Sitter space in a world that is asymptotic to AdS2 in the centaur geometry [13].
2Nondegeneracy means that if eqn. (5.1) and (5.3) are satisfied for some pair φ0, φ1, then in expanding around this
solution, there are no zero-modes. In other words, a solution is nondegenerate if in perturbing around this solution,
the equations cannot be satisfied to first order in the perturbation.
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The centaur geometry actually motivated a previous discussion of compact Euclidean solutions of
dilaton gravity.3
The compact Euclidean solutions described here can be continued to Lorentz signature by t→ it.
After this continuation, the solution describes a Lorentz signature manifold in 1 + 1 dimensions,
with a spatial slice that is a circle. (One can also take a universal cover of the spatial slice, to
get a solution that has a spatial slice of infinite length with periodic initial data.) One is tempted
to think that this solution describes a pair of black holes at antipodal points on the circle (or a
periodic array of black holes, after passing to the universal cover), but this is actually oversimplified.
Penrose diagrams in two-dimensional dilaton gravity can be rather complicated. For example, fig.
3 of [22] illustrates some of what can happen.
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